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Abstract
We introduce reduced Bass numbers and show that, in the Gorenstein case, the top one
coincides with one of the invariants which Auslander and Buchweitz attached to nitely generated
modules over such a ring. The other one is Auslander’s -invariant; we connect the two and
treat them in parallel. Finally we demonstrate their relevance to Hochster’s Canonical Element
Conjecture. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 13C14; 13D02; 13D45; 13H10
1. Introduction
Here (A;m; k) is a commutative noetherian local ring with its maximal ideal and its
residue eld, with dim A = d. When the ring is Gorenstein, we usually denote it by
(R;m; k).
In local algebra, the Bass numbers of an A-module M carry a lot of information.
Let us recall them: iA(M) = dimk Ext
i
A(k;M). But there is a natural map 
i
A(M) from
the k-vector space ExtiA(k;M) into the local cohomology module H
i
m(M). We dene
the reduced Bass numbers of M as the dimensions of the images of these maps:
iA(M) = dim
k
im(iA(M)):
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These integers appear naturally in the theory of Buchsbaum modules. Indeed, over a
regular local ring (S; m; k) a Buchsbaum module is surjective Buchsbaum; this means
that the maps iS(M) are surjective for i< dimM , so that 
i
A(M) = dimk H
i
m(M).
At the top level, it is unkown whether A has a module M with dA(M)> 0. Hochster’s
Canonical Element Conjecture (CEC) asserts this always to be the case; he was able to
prove the conjecture when A is an equicharacteristic ring. We mention that CEC need
only be proved for a complete noetherian local ring A, which therefore has a canonical
module KA (i.e. a nitely generated A-module whose Matlis dual K_A is isomorphic to
Hdm(A)). We recall the following.
Theorem 1 (Hochster [5]). Assume that the ring A has a canonical module KA. Then
dA(M)> 0 for some module M if and only if 
d
A(KA)> 0.
On the other hand, let M be a nitely generated A-module of dimension s. It is
interesting to know whether the reduced Bass number sA(M) vanishes or not. In this
respect there is
Proposition 2 (Simon [6,7]). Let M be a nitely generated A-module of nite injec-
tive dimension (FID) (this forces the ring to be Cohen{Macaulay). If sA(M)> 0
for s = dimM and if the ring is equicharacteristic; then; for every nitely generated
A-module N; we have the dimension formula
dimM + dimN  dim A+ dimM ⊗A N:
From the above, we hope it is clear that the reduced Bass numbers are also important,
although they are more dicult to understand and to control than the ordinary Bass
numbers. But we can say a little something, which is the purpose of this note.
When the local ring A has a canonical module KA, we relate the reduced Bass
number dA(M) of a nitely generated A-module M to its KA-preenvelope.
Most of our next results can be formulated for a Cohen{Macaulay local ring with
canonical (dualizing) module, but they are easier to state and understand for a
Gorenstein local ring (R;m; k), which coincides with its canonical module and whose
modules of nite injective dimension are precisely the ones of nite projective dimen-
sion. We relate the reduced Bass numbers of an FID R-module to its syzygies. Then we
show that the invariant dA(M) of a nitely generated R-module M is complementary
to its Auslander invariant (M), which will be explained in Section 4. We shall see
that the invariants d and  can be computed in an analogous way and that they are
nicely intertwined.
Finally, we show that CEC can be formulated in terms of the vanishing of the
-invariant for certain modules over Gorenstein local rings and conclude with an ap-
plication of these ideas and an example pertaining to them.
More information on this subject can be found in [9], to which we also refer for
more complete proofs. See also [8].
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2. Reduced Bass numbers and canonical module
Denition 1. The reduced Bass numbers of a morphism f :M ! N of A-modules are
the integers
iA(f) = dim
k
im(iA(N )  ExtiA(k; f)):
Assume that the local ring A has a canonical module KA. A KA-preenvelope of the
nitely generated module M is a map j = (j1; : : : ; jt) :M ! KtA such that the maps
j1; : : : ; jt generate HomA(M;KA) viewed as an End(KA)-module. It has the property
that all maps M ! KnA factor through j.
The following extends Theorem 1.
Theorem 3. Let (A;m; k) be a d-dimensional noetherian local ring with canonical
module KA and let j :M ! KtA be a KA-preenvelope of the nitely generated module
M . Then
dA(M) = 
d
A(j)  t:dA(KA):
Proof. The inequality is obvious. The integers involved are stable under completion,
so we can assume that A is complete, hence a homomorphic image of a Gorenstein
local ring of the same dimension. This case is taken up in [9, 6:9].
3. Reduced Bass numbers and FID modules over a Gorenstein local ring
Denition 2. The free rank of a morphism g :M ! N of R-modules is the integer
f -rk(g) = supfn jRn is a common direct summand of M and N under gg:
Here is a particular case of Simon and Strooker [9, 2:5] which is easier to prove.
Theorem 4. Let g :Z ! N be a map between nitely generated R-modules; and as-
sume that Z is an FID module (i.e.; a module of nite injective dimension). Then
f -rk(g) = dR(g):
Proof. Let p :Rt ! Z be a surjective map. It has an FID kernel so that the map
ExtdR(k; p) is surjective. Since 
d
R(R) = 1, there is a direct sum decomposition R
t =
Rn0  Rn1 such that ExtdR(k; Rn0 ) is the kernel of the map dR(N )  ExtdR(k; g  p). Then
n1 = dR(g  p) = dR(g). Let p1 :Rn1 ! Z be the map induced by p. We have dR(N ) 
ExtdR(k; gp1)=Hdm(gp1)dR(Rn1 ); in this equality, the left-hand map is injective by
construction and we observe that the map dR(R
n1 ) is essential injective. We conclude
that the map Hdm(g  p1) is also injective. But this last map is the Matlis dual of the
map HomR(g  p1; R), which is thus surjective. So, if qi :Rn1 ! R is the projection of
Rn1 onto its ith factor, there is a map fi :N ! R with qi = fi  g  p1. These maps fi
dene a map f :N ! Rn1 such that fgp1 is the identity on Rn1 . This shows that Rn1
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is a common direct summand of Z and N under g. In particular, n1 = dR(g)  f -rk(g).
As the other inequality f -rk(g)  dR(g) is clear, we are done.
Corollary 5 (Simon and Strooker [9, 2:7]). Let M be an FID R-module with its syzy-
gies Mi (computed in a minimal free resolution of M). Then iR(M)= f -rk(Md−i) for
all i.
This is an analogue of Foxby’s identity [3] which relates Bass and Betti numbers:
iR(M) = 
R
d−i(M).
4. Reduced Bass numbers and Auslander’s invariants
Let M be a nitely generated module over the Gorenstein local ring R of dimension
d. On the one hand we have the maximal Cohen{Macaulay approximations of M : they
are short exact sequences 0! Y g!X f!M ! 0, where Y is an FID module and X a
maximal Cohen{Macaulay module (MCM). On the other, there are the hulls of nite
injective dimension: they are exact sequences 0 ! M f
0
−!Y 0 g
0
!X 0 ! 0, where Y 0 is
an FID module and X 0 is an MCM module, see [1, Theorem 1:1].
Among these, there are minimal ones, unique up to isomorphism, and it is known
that the approximation given by f (resp. the hull given by f0) is minimal if and only
if f -rk(g) = 0 (resp. if and only if f -rk(g0) = 0) if and only if the map ExtdR(k; f)
(resp. ExtdR(k; f
0)) is bijective, see [4, Lemma 2:3] or [12]; for a dierent proof, cf.
[9, 3:1; 3:3].
Auslander and Buchweitz suggested to use these approximations to attach new in-
variants to a module M .
Denition 3. The -invariant of the nitely generated module M is the integer (M)=
f -rk(X ), where 0 ! Y g!X f!M ! 0 is a maximal Cohen{Macaulay approximation
with f -rk(g) = 0.
On the other side, the free rank of Y 0 in a minimal hull of nite injective dimension
of M is also an invariant of M . But it turns out that we have already encountered it.
Proposition 6. Let 0 ! M f
0
−!Y 0 g
0
!X 0 ! 0 be a minimal hull of nite injective
dimension of the nitely generated module M . Then
dR(M) = 
d
R(Y
0) = f -rk(Y 0):
Proof. The rst equality is clear since the map ExtdR(k; f
0) is bijective and the map
Hdm(f
0) is injective. The second one stems from Corollary 5.
Thus the -invariant and the d-invariant are in some sense parallel to each other,
and this is reected in many of their formal properties, though there is no precise
duality involved.
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Here is the counterpart (over a Gorenstein local ring) of Theorem 3.
Proposition 7. Let p :Rt ! M be a surjective map. Then
(M) = dim
k
im(ExtdR(k; p)):
(This is easily deduced from Theorem 4, see [9, 3:8 or 4:1]. Notice that the Gorenstein
version of Theorem 3 can be deduced from Theorem 4 in the same way.)
Corollary 8. Let 0! M1 i!Rn p!M ! 0 be an exact sequence. Then
n  (M) + dR(M1):
(For the proof, we compute dimensions in the exact sequence of k-vector spaces
ExtdR (k;M1) ! ExtdR(k; Rn) ! ExtdR(k;M). We conclude with Theorem 3 bearing in
mind that the map dR(R) is injective [9, 3.11].)
Corollary 9. Let a be a nonnull ideal of zero divisors and put b=0:Ra. Then (R=b)=0
if and only if dR(b)> 0.
Proof. If dR(b)> 0, we obtain with Theorem 3 that there is a map j : b ! R with
ExtdR(k; j) 6= 0. But b is an annihilator ideal, so that any such j must factor through
the inclusion map i : b ! R. Thus the map ExtdR(k; i) is nonnull; it is surjective since
ExtdR(k; R) ’ k and we conclude that (R=b) = 0 with Proposition 7. The other impli-
cation is a direct consequence of Corollary 8.
We now are very close to Hochster’s CEC, which need only be proved for rings
of the form A= R=a, where R is a Gorenstein local ring with dim R= dim A= d and
b = 0:Ra is the canonical module of A. More precisely, we are now just between the
CEC and the Monomial Conjecture (MC), also due to Hochster. We say that a ring
satises MC if, for all parameter systems x1; : : : ; xd of A, for all t  1, the element
(x1 : : : xd)t is not contained in the ideal (xt+11 ; : : : ; x
t+1
d ). The previous considerations
allow us to recapture the following result [9, 6.4]. Related considerations are found
in [2].
Theorem 10. With R and A as above; there are implications: dA(b)> 0) dR(b)> 0,
(R=b) = 0 ) b is not contained in an FID ideal of R ) b is not contained in a
parameter ideal of R) the ring A satises MC.
(The last implication in fact goes both ways [10].)
However, CEC and MC are equivalent when taken over the whole class of noetherian
local rings [5]. Thus all intermediate conditions in the theorem provide us with new
formulations of these conjectures. Their truth when working over a eld, in turn, pays
unexpected dividends in the module theory of equicharacteristic Gorenstein rings, of
which we provide a sample in the next section.
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5. Application
Quite generally, it is known that the annihilator of an A-module M of nite projective
dimension with dimM = dim A is null. For an equicharacteristic Gorenstein ring we
can say more.
Proposition 11. Let R be a d-dimensional equicharacteristic Gorenstein local ring and
let Z be an FID module with AssZ  AssR. Then the annihilator of every minimal
generator of Z is null.
Proof. Since AssR consists of all the minimal primes, the module Z is unmixed of
maximal dimension, and therefore a rst syzygy. Thus Z Rt for some t. Any nonnull
element z 2 Z is also nonnull in the free module Rt ; its annihilator is therefore an
annihilator ideal in R.
Now let z be a minimal generator of Z . Dene g :R ! Z by g(1) = z. Extend g
to a minimal surjection f :Rn ! Z and observe that ker f is an FID module, so that
we have a maximal Cohen{Macaulay approximation of Z which is minimal. We saw
in Section 4 that ExtdR(k; f) is then bijective. Hence, Ext
d
R(k; g) is nonnull and since g
factors through h : R! Rz, so is ExtdR(k; h).
In case the annihilator b of z is nonnull, since Rz ’ R=b, we obtain with Theo-
rem 10 that (Rz) = 0, because CEC holds for equicharacteristic rings. Proposition 7
shows a contradiction with the statement about ExtdR(k; h).
6. Example
Over a d-dimensional local noetherian ring A, it is known that for a nitely generated
module M , there is an equality dA(M) = 
d
A(M)> 0 if and only if M is a maximal
Cohen{Macaulay module [9, 2.3, 2.4]. Here we exhibit a Buchsbaum ring A with
dA(A)=0. Nevertheless, for its canonical module KA, we know by Theorems 1 and 10
that dA(KA)> 0 since we are working over a eld.
In the three-dimensional projective space over an algebraically closed eld K , let C
be a curve geometrically linked to a pair of skew lines (the quartic given parametrically
by (s4; s3t; st3; t4) is such a curve). To C corresponds an ideal I of the regular local
ring S=K[[X; Y; Z; T ]]. The coordinate ring A=S=I is a Buchsbaum ring of dimension 2
and depth 1. The minimal free resolution of A viewed as an S-module is given by
0 −! S d2−! S4 d1−! S4 d0−! S −! A −! 0;
see [11, III. 1.2 and 1.7].
We rst prove that 2s (A) = 0. Indeed, 
2
S(A) is the free rank of the second syzygy
coker d2 of A (Corollary 5). If this free rank is nonnull, we can pick a base of S4
in such a way that the matrix of d2 takes the form (0; a; b; c)t . But then the module
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Ext3S(A; S) is the quotient of S by a 3-generated ideal, so has positive dimension, which
contradicts the fact that its Matlis dual H 1m(A) is a vector space.
We conclude that 2A(A) = 0 since the map 
2
A(A) factors through 
2
S(A).
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